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Abstract—1In this paper, model predictive control (MPC)
of discrete-time nonlinear systems with guaranteed nominal
stability is revisited. In general the optimal cost function of
the optimization problem might be discontinuous in the state
of the systems, though it is not valuable to be chosen as
a candidate Lyapunov function. Compared with the existing
results, in this paper the optimal cost function is only used to
show the convergence of the system trajectory to its equilibrium.
Instead stability is proven in terms of a candidate Lyapunov
function which is locally twice continuously differentiable in a
vicinity of the equilibrium. Furthermore, asymptotic stability
is achieved by the stability of the considered systems together
with the convergence of the system trajectory to its equilibrium.
In the end, locally robustly asymptotic stability of model
predictive control is proven based on the locally continuous
Lyapunov funciton. That is, locally inherent robustness of MPC
of nonlinear systems with respect to input constraints, state
constraints and terminal constraints is proven.

I. INTRODUCTION

Model predictive control (MPC), also referred to as reced-
ing horizon control or moving horizon control, is one of the
most widely used approach for advanced control of complex
and chemical systems due to the ability to systematically deal
with multivariable nonlinear dynamics and constraints [1-4].
At each sampling instant, a control sequence is obtained by
solving a finite horizon open-loop optimal control problem
which uses the current state of the plant as the initial state.
Then only the first control action in this sequence is applied
to the plant.

In order to guarantee the stability of nonlinear model
predictive control, an intuitive way is to choose an infinite
prediction horizon [5]. In engineering practice a long enough
prediction horizon is adopted to replace the infinite prediction
horizon. However the computational burden is still too heavy
to implement. Another intuitive way to guarantee stability
is to add a terminal constraint of z(t + T) = 0 in the
optimization problem which tries to force the terminal state
to its equilibrium [6]. Since the optimization problem is in
general nonconvex and nonlinear, the extra equality will also
increase the computational burden dramatically. Compared
with [6], a terminal inequality of z(¢ + T') € 2 is added in
the optimization problem, where € is an ellipsoid centered
at the equilibrium [7]. The optimization problem is solved
online to calculate the control sequence while the system
state is outside the terminal set of €2, and a linear control
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law calculated offline is applied directly while the system
state is in €. In principle, stability of this model predictive
control scheme is guaranteed by the chosen linear control
law. Both the terminal control law and terminal penalty are
added in the optimization problem to guarantee the stability
of systems in [1,8,9], where the optimization problem is
solved online and the optimal cost function is used as
the candidate Lyapunov function. Both recursive feasibility
and asymptotic stability are guaranteed if the optimization
problem is feasible at the initial time instant. Since only
feasible solution is needed to guarantee stability, the scheme
is one of the most important MPC schemes with guaranteed
nominal stability.

The optimal cost function is first employed as a Lyapunov
function for establishing stability of model predictive control
of constrained time-varying nonlinear discrete-times systems
in [10]. Thereafter, the optimal cost function was almost
universally employed as a natural Lyapunov function for
stability analysis of model predictive control [1]. The main
difficult to choose the optimal cost function as a candidate
Lyapunov function in the analysis of the stability is that it is
hard to show the continuity of it in the state x. Furthermore,
the optimal cost function might be non-continuous on the
system state [3, 11, 12] in some cases.

In this paper, stability of finite horizon model predictive
control of discrete-time nonlinear systems is revisited. Firstly
the existence of the terminal set and the terminal penalty is
proven. Secondly, the properties of the optimal cost function
of finite horizon model predictive control are discussed:
continuous at the equilibrium, semi-positive definite and
monotonically decreasing along its trajectory. Thirdly, con-
vergence of the system trajectory to the equilibrium is shown
by the monotonically decreasing property of the optimal cost
function. Since stability only reflects the local properties of
system dynamics, the terminal penalty is chosen as the can-
didate Lyapunov function in the terminal set. Asymptotically
stable is proven since the system is stable and convergent.
The system is robustly asymptotically stable (aka inherent
robust) in the terminal set.

The organization of this paper is as follows. An in-
troduction followed with notations, basic definitions and
preliminary results is given in Section I. The general prob-
lem set-up, including the existing of the terminal set and
terminal penalty, is given in Section II. The properties of
the optimal cost function as well as the recursive feasibility
of the optimization problem are discussed in Section III.
The convergence, asymptotic stability and locally robustly
asymptotic stability of finite horizon MPC of nonlinear sys-
tems, are discussed in Section IV. Some concluding remarks



are provided in Sectin V.

A. Notations and Basic Definitions

Let R denote the field of real numbers and R" the n-
dimensional Euclidean space, Z the field of non-negative
integers, Z, the field of positive integers, k + i|k the
predicted value at the time instant k + ¢ starting from the
time instant k. For a vector v € R™, ||v|| denotes the 2-
norm and [[v|lg = vTQu with @ € R"*™ and Q > 0.
The matrix I denotes the identity matrix with compatible
dimension. Let M € R™ ", Apin(M) (Amax(M)) is the
smallest (largest) real part of the eigenvalues of matrix M.
A continuous function o : Ry — R, is said to belong to
class K function, if it is strictly increasing, a(s) > 0 for
all s > 0, and «(0) = 0. A continuous function « is said
to belong to class K, function, if it is a K function, and
a(s) — oo as s — oo.

B. Preliminary results

Before proceeding it is necessary to introduce the defi-
nitions of stability and asymptotic stability, and a sufficient
condition for Lyapunov stability of discrete-time nonlinear
dynamical systems.

Consider discrete-time nonlinear systems:

Trp1 = g(zr), w0 = 2(0) (1)

where g(x) is piecewise continuous, and g(0) = 0.
Definition 1: [13, Definition 13.1]
(i) The zero solution zj = 0 to (1) is stable if for all € > 0
there exists 6 = d(e€) > 0 such that ||zg|| < J, then ||| < e
forall k € Zy.
(i1) The zero solution x; = 0 to (1) is asymptotically stable
if it is stable and there exists § > 0 such that ||xg|| < d, then
1imk_,oo T = 0.
Lemma 1: [13, Theorem 13.2]
The zero solution x;, = 0 to (1) is stable, if there exists a
continuous function S(z) : H — R such that
(i) S(0) =0, and S(z) > 0 for all = # 0,
(ii) along the system trajectory, S(x) satisfies

S(xps1) — S(xg) <0, VeeH, 2)
where the set H is a compact set.
II. PROBLEM SETUP

Consider discrete-time nonlinear systems:

1 = fag, ur), 3)

where x; € R, up, € R™ are the system state and control
input at time instant k, respectively. The constraints of the
system state and the control input are as follows:
r, € X, k>0,
u, €U, k>0,

(4a)
(4b)

where X is the admissible set of the systems state, and U/ is
the admissible set of control input.

In this paper, we assume that all states x;, are measurable
instantaneously and there is neither external disturbances nor
model perturbations at all.

The following assumptions are required for system (3):

Assumption 1: f :R" x R™ — R" is twice continu-
ous differentiable, f(0,0) = 0. That is, (0,0) € R x R™
is an equilibrium of system (3).

Assumption 2: U C R™ is compact, X C R" is
connected, and the point (0,0) lies in the interior of the
set X x U.

The assumption f(0,0) = 0 is not restrictive, since one can
shift the origin of the system to (z,us) by the transforma-
tion of @’ = & — xs, v = u — uy, if f(zs,us) =0.

At the time instant k, define a sequence of the control input

Uk = {Ukk> Ukt 1]k - -+ > Uk N— 1]k } - (5

The open-loop optimization problem of the finite horizon
model predictive control at the time instant % is formulated
as follows:

Problem 1:
min(i]mize J (2, U) (62)
k
subject to:
Tppirilk = f(Thgilk, Uktilk)s  Thik = Tk, (6b)
Tpyik € X, 1€ Zp,N-1) (60)
Uptik €U, i € Zjo,N-1)> (6d)
Tr+N|k € Q, (6€)
where
N-1
Tk, Uk) = D lenpimlld + lwnsimlz + l2xsviellp,
i=0
(7)

and @) and R are positively definite matrices. The terminal
set Q and the terminal penalty ||z n|x |3 will be introduced
in the future.

The control objective of the finite horizon MPC is to
achieve a finite horizon control sequence by solving Prob-
lem 1 online such that system (3) is stable, the perfor-
mance (7) is minimized and the constraints (4) are satisfied.

Although a finite horizon control sequence will be
achieved by solving the optimization problem, only the
first control action in the sequence will be applied to the
considered systems. At the next time instant, the whole
process will be run again. For inconvenience, we will first
define the feasibility of the optimization problem.

Definition 2: Suppose there exists a control sequence Uy,
such that

(i) for all i € Zjg, ny_1), the constraints (4) are satisfied;
(ii) the terminal constraint x|, € €2 is satisfied;
(iii) the cost function (7) is bounded, i.e.
N-1
2 2 2
Z Zktiiellg + lurtiellz + @enwllp < oo
i=0
Thus, Problem 1 is feasible, and the control sequence Uy is
a feasible solution to Problem 1.



Suppose that Problem 1 has an optimal solution U} at time
instant &,

* * * *
Ui = {Uhj> W 1> - > Wb N—1]k S ()

and the corresponding optimal trajectory are denoted as X,

* * * *
Xy = ATk g1k Thaapo - Thg Nk

Thus, the actual control at the time instant & is
Upy 1= U

Consider the Jacobian linearization of the nonlinear sys-
tem (3) at the equilibrium (0, 0),

Tpy1 = Ay, + By, )

where A := %|(070) and B := %|(070).

Assumption 3: System (9) is stabilizable.
That is, there exists a linear state feedback control law
u = Kx such that the controlled system Ay := A + BK
is asymptotic stability. For such a given K, the following
lemma can be proven.

Lemma 2: Suppose that Assumptions 1-3 are satisfied,
respectively. Then, (i) Lyapunov equation

K2ATPA, — P=—(Q+ K"RK) (10)

admits a uniquely positively definite solution P, where x €
1, m and Tax(Ay) is the maximum magnitude of

the eigenvalues of matrix Ay.

(i1) There exists o > 0 which specifies an ellipsoid

Q:={zeR™ |2"Pzx <a},

such that

o () g X s

o Kz el forall x € Q,

o ) is positively invariant for the nonlinear system (3)
with the linear control law u = Kz,

o for any = € €, the cost function (7) for the nonlinear
system (3) starting from xg = x, with the linear control
law v = Kz, is bounded from above as follows

S el + llul}, < 27 Pa.
k=0
Proof: (1) For all kK € (1, #Mk))’ all the eigenvalues
of KAy lie in the unit circle since Agx is Hurwitz. Thus,
Lyapunov function (10) has a uniquely positively definite
solution as @ + KT RK is positive.
(ii) Since the equilibrium (0,0) € X x U, there is a positive
constant ¢ such that in the set

(11)

Qo :={z e R" | TPz < a0},

the state constraints (4a) and control constraints (4b) are
satisfied.

The time difference of 27 Pz along the trajectory of
Tpy1 = [(ag, Kxy) is
:EzHkaH — 2l Py,
=(Apzi + ¢)" P(Apzi + i) — i Py
=r2xl AT PAgxy — ) Pay, + (1 — 6%)xi AT P Ay
+ IgA,];P(]ﬁk + ¢£PAk$k + d)quSk,
(12)

with ¢y, := f(ag, Kxy) — Apwy. Furthermore, in terms of
Taylor’s theorem,

LG KG) 10 (6. KG)

Ok 9k ox? e 9k Ox10uy Kot
1 g & f (&, K&) 1 g 00 f (&, K&
9"k K OuyOxy, et 27k K ou? Kz
for some &, between 0 and xy.
Denote
OPf (&, K&) | O (&, K&)

O (&) = ox? OxOu K+

O f (&, K&k) 9 f (&, K&k)

T ) T )
K OuLOxs, i ou? K.

Since f is twice differentiable continuous, C'ys () is contin-
uous in the set y. For simplicity, denote

CVmax ‘= sup ||C]\/[(Ek)”

£rE€Q0
Thus, [¢x]] < 3 Crmax||zx||? for all z;, € Q. Furthermore,
Ok Poy + xy, A Poy + ¢y P Ay
ez 1Pl + ComladiPel’.
Choose an « € (0, ap] such that

2 A2 P12
. Wcmaq dPIPIE o yyy  aTpay)

aChal Pl

4)\min (P)

)\min (P) o

. T
for all z, € Q. Since =} x) < ﬁl(p)

oL Py, + xf AL Py + ¢f PAgy,

aCh a1 P aC x| Ak 1?1 P]? 2
< max max 14
S ( 4>\min(P) + )\min<P> kaH (14)

< (K% = 1) Amin (AF PA) |||
Since IgAgPAkxk > /\nlin(AgpAk)kaW’ one has

1 Py + w1 AL Py + ¢f PApwy < (k% —1)a} AL PAgay,.
(15)

for all x;, € ,

Substituting (15) into (12) yields that
xf_HP:ckH — :L{ka < /izfoiPAk:rk — z{ka. (16)
Using the Lyapunov equation (10), one has then
zp Pryyr — xf Py, < 2 (Q + K'RK)xg.  (17)

Since P > 0, Q + KTRK > 0 and Aj, is asymptotically
stable, inequality (17) implies that the set ) is invariant for
the nonlinear system (3) with the linear control law u = Kz.



Then, for any x € €2, adding up (17) from 0 to oo with
the initial condition zy = z yields the desired results (11).
O

Remark 2.1: Lemma 2 shows the existence of the set 2
where the nonlinear system (3) with the linear control law
u = Kz satisfies the considered constraints, and is invariant.

The linear control law Kx, also known as the terminal
control law, is not applied directly to the plant, but just
employed to calculate the terminal cost ||z nx[|% and ter-
minal region €2. The terminal cost is a local control Lyapunov
function and satisfies inequality (10) in the terminal region.
The terminal region, a level set of the terminal cost function,
is positively invariant and renders all time-domain constraints
to be satisfied.

III. PROPERTIES OF THE OPTIMAL COST FUNCTION

Suppose that the optimization problem has an optimal
solution for x € X, and define the related optimal cost
function as

E(z) := n{}inJ (x,Ug).
k

The optimal cost functional has the following properties.
Theorem 1: Considering the discrete-time nonlinear sys-
tems, the optimal cost function F(z) has the properties as
follows:
(i) E(0)=0 and E(x) > 0 for all =z # 0,
(ii) E(z) is continuous at = 0,
(iii) F(z) is monotonically decreasing along the prediction
trajectory, and

Bloe) — B@n) < —anld — fullh - (18)
Proof: (i) Since @ > 0 and R > 0, E(x) > 0 as x # 0.
Given z; = 0, the optimal solution is uz Yilk = 0, and the
corresponding optimal prediction trajectory is , , ; = 0,
for all i € [0, N — 1]. Thus, E(x)) =0 as z, = 0.
In terms of R > 0, we have the following inequality
N-1
E(ar) 2 Y 7heiilla + lohs vl
i=0
Obviously, only if zy ., = 0forall i€ [0, N], E(zx) =0
can be achieved. Therefore, for all x # 0, E(zy) > 0.
(ii)) In order to show the continuity of E(x) at the
equilibrium x = 0, pick up a point xp € Q with xp # 0.
Then,

Ur = {Kxpp, Keyprjps - Kaoponoaet  (19)

is a feasible solution to the optimization problem. In terms
of Lemma 2,
E(x1) ==z} Pxy,

is an upper bound of the finite horizon cost function. That
is, E(zy) < E(xy,) for all ), € Q.

Since E(z) is twice continuously differentiable, £(z) is
continuous at z = 0. For any € > 0, there exists o > 0 such
that |E(z) — E(0)| < € as ||z — 0] < do.

Define a set

By = R | 2T < —2 L
im{oem oo s 0

10

Obviously, By C €. Denote § := min{éo, />\maié(13)}7
then |E(x) — E(0)] < e for all ||z — 0| < 4. Therefore, the
optimal cost function E(x) is continuous at x = 0.
(iii) Suppose that at the time instant k the optimization
problem has an optimal solution U;; which satisfies the
control constraints (4b).

The related predicted state sequence is X; which satis-
fies state constraints (4a), and x}, 4Nk € ). The control
sequence (8) guarantees the cost function

N—1
E(wr) = ) lefulld + kel i + et l?
i=0
is bounded. Implement the control wuj = u,*c‘ , into the

systems (3). Since neither model perturbations nor external
exogenous are considered, the system state at the time instant
k+1is

Ti1 = f @k, ugyp)s

which is the same as x}, 1k Thus, at the time instant k£ + 1,
choose the following control sequence

A
U1 = [Ukt1kt1s -or Ukt N—1|k+1> Wkt N|k+1)]

) UZ+N—1\k7 sz+N|k’}7
(20)

as a feasible solution to the optimization problem. The
sequence Uy is composed of the shifted control sequence
of U}, starting from the time instant £ + 1, followed by the
linear control law. Since xZ+N|k €, KxZ-s-N\k € U. Thus,
the input constraint is satisfied for U .

In accordance with Uy, the state sequence is

ie1,N—1],
i=N.

. *
= [uk+1|k7

%
Lht+1+ilk+1 = Lpq144|k>

*
Th 14N k+1 = ArThp Nk

which satisfies the state constraints. As €2 is invariant under
the linear control law, the terminal constraint is satisfied. The
cost function at the time instant k + 1 is
N—1
2 2
Jet1 = Z H$k+1+i|k+1HQ + Huk+1+¢\k+1HR
i=0

2
+ H$k+1+N\k+1HP
N-2 ) ) ,
= Z ch;: 1 kH + HUZ 1 kH + ||kt v g1 ]
g +1+4] 0 F1+ilk|| p Q
2 2
+ ||Uk+N\k+l||R + zkr14 N1 llp
N1 § 2 . 2 T
B S{EY WU P N

2 2 2
= o+ e+ ]
2
+ || Apzs H
kL4 Nk P
2 2 * 2
=Bax) = ol = ul% = [[#m]|
2 2

oty o, * o]
k+Nlk ATPA, k+N|k O+KTRK



Since —P + A{PAk +Q+ KTRK <0,
2
Tra1 < E(zw) — llawllgy — gl -

Since E(xy) is bounded, Jj1 is bounded. Thus, the candi-
date control sequence (20) is a feasible solution to Problem 1
at the time instant k + 1. Furthermore, since the optimal
solution is better than the feasible solution,

E(wy41) < Jiwr < Blay) = il — luel -

Therefore, F(z) is monotonically decreasing along the sys-
tem trajectory. O
Remark 3.1: In general, the optimal cost function is not
necessarily continuous in x [11, 12, 14].
From the deduction of Theorem 1, it is easy to see that
if the optimization problem has an optimal solution at the
time instant %, then the optimization problem has a feasible
solution at the time instant & + 1. Thus, we come to the
following conclusion:

Corollary 1: Suppose that Problem 1 has a feasible so-
lution at the time instant £k = 0, Problem 1 has a feasible
solution at each time instant k > 0.

Proof: Tt is omitted. O

21

IV. PROPERTIES OF SYSTEMS UNDER CONTROL

In this section, properties of systems under model predic-
tive control are discussed. Convergence to the equilibrium
is proven by the monotonically decreasing of the optimal
cost function along the predicted trajectory, and Lyapunov
stability is proven by a candidate Lyapunov function which
is locally continuous. Asymptotic stability is proven in terms
of convergence together with Lyapunov stability locally. In
the end, inherent robustness locally in the terminal set is
proven directly.

Lemma 3: Suppose that

(i) Assumptions 1-3 are satisfied

(ii) At the time instant £ = 0, Problem 1 has a feasible

solution,
then,
(1) xj converges to the set €2 in finite time,
2) lim x; =0.

k—

Proof: (C1x)> Firstly, it is proven by reduction to absurdity that
there exists a finitely positive constant /V such that z; € B
when k& > N. Let ®(i;2) be the solution of the system
under control that starts from initial state = at time 7. Suppose
contrary to what is to be proven that 2, ¢ By for any k& > 0.
Then by iterating inequality (18), we obtain

k—1
E(2(kix) < =) 18 2)llg + B(x) .
i=1
Since ||®(k;z)| > , | 5py for any @i > 0,
k—1
. aAmin(Q)
E(®(k;z)) < ; (D) T E(z) .

Hence we have E(¢>(k,m))ki>>O —o00, which contradicts

E(z) > 0 obviously.

11

(2) According to inequality (18), E(x) is monotonically
non-increasing. Furthermore, the lower bound of E(x) is
E(0) = 0. Thus, E(z) is convergent as k — oo for bounded
and monotonic sequence has a finite limit. By taking limits
on both sides of inequality (18), we have

. 2 . .
o lewlla = fim B =l Blaa) =0

Thus, z;, — 0 as t — oco. d

In principle, the concept of stability only reflects a local
property of the system at the equilibrium. Thus, in the
following

V(z) =2 Pz, VYzeQ,

is chosen as a candidate Lyapunov function which is an upper
bound of the optimal cost function E(x), and continuous
differentiable in x.

Theorem 2: Suppose that

(1) Assumptions 1-3 are satisfied
(ii) At the time instant £ = 0, Problem 1 has a feasible
solution,

then, the closed-loop system is asymptotically stable.
Proof: (1) Since V(0) = 0, V(z) > 0 for all z € Q with
x # 0, and

V(zp1) = Vi) < —zf (Q+ K'RK) xy,

cf. Equ.(10), the system under finite horizon model predictive
control is stable in terms of Lemma 1.

(2) Since zj, converges to () in finite time if Problem 1
has a feasible solution at the time instant ¥ = 0, and
limyg_, o0 ¢ = 0, the system is asymptotically stable. O

Inherent robustness means robustness of the closed-loop
system using model predictive control, i.e., some disturbance
or perturbation can be ignored [1]. Even discontinuous closed
loops can still enjoy robustness suppose that a continuous
Lyapunov function exists [11, 15].

Lemma 4: [11,15] If there exists a Lyapunov function S

on the basin of attraction JF that is continuous on the interior
of F, then the origin of the system under control is robustly
asymptotically stable on the interior of F.
The next theorem shows the inherent robustness of model
predictive control on the set €2, that is, the perturbed solution
will convergence to a small vicinity of the equilibrium for
small sized perturbations or disturbances.

Theorem 3: Suppose that

(i) Assumptions 1-3 are satisfied
(ii) At the time instant £ = 0, Problem 1 has a feasible
solution,

then, the closed-loop system is robustly asymptotically stable
on the interior of (2.

Proof: Consider the Lyapuonv function V() of system (3)
on the set 2. Since V() is twice continuously differentiable
in the system state x, the system under model predictive
control is robustly asymptotically stable on the interior of 2
which is derived directly from Lemma 4. O



V. CONCLUSIONS

In this paper, model predictive control of discrete time
nonlinear systems was revisited. Firstly, the existence of the
terminal set and terminal penalty was proven. Then the prop-
erties of the optimal cost function were investigated: con-
tinuous at its equilibrium, monotonically decreasing along
the system trajectory. Compared with the existing papers,
here convergence and stability were proven separately, cf.
the convergence was proven in terms of the monotonically
decreasing of the optimal cost function and stability was
proven as a twice continuously differentiable function was
used as the candidate Lyapunov function. Thus, the system
is asymptotically stable since the system state converges to
the equilibrium, and the system is stable. Furthermore, it is
robustly asymptotically stable locally since the twice con-
tinuously differentiable function was used as the candidate
Lyapunov function.
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